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@ The Sasa-Satsuma equation

® Coupled Sasa-Satsuma equations

© Bilinearization of CSSI equation under nonzero boundary condition
O Breather solution reduced from the KP-Toda hierarchy

® Rogue wave solutions
This is a joint work with my advisor Dr. Baofeng Feng, Dr. Chengfa Wu

at Shenzhen University and his student Guangxiong Zhang.
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Sasa-Satsuma equation

@ The nonlinear Schrodinger (NLS) equation

dq 1 0% 2
37+§W+M|Q—Oy (1)

arises as a generic model in water waves, nonlnear optics, plasma and
many other fileds.
® The Sasa-Satsuma equation
dg 1 0%

2 - [ 9%
o + 5 70g + lalPg +ie

9q gl
2
aT " 20x? ax3+6" +34 =0, (2

0X

is an integrable extension to the above NLS equation, which can be
converted into

Up = Uggy + 6|ul?uy + 3u (\u!Q)w ) (3)

by taking t = —T¢, x = X —T/(12¢) and
u(e,t) = o(X, T)exp {~g; (X - 150) }



Coupled Sasa-Satsuma equations

The Sasa-Satsuma equation has several integrable multi-component extensions

® (SSI equation
2 2 2 2
ULt + Ulgze — 6C ("Lbl‘ + |UQ| ) Uiy — 3C ("LL1| + |UQ| ) up =0, (43)
2 2 2 2
ot + e — 6 (Ju* + ual?) uz = 3¢ (Jur* + usf) wz = 0. (4b)

Above equation degenerates to (3) under ug = u;.

® (CSSII equation
Ut + Ulgza — 6C (\Ul\z + \U2|2) Ury — 6¢ (Ujury + udugy)us =0,  (5a)
Ut + Uogzs — OC (\u1\2 + \u2|2) Uz — 6¢ (ujury + udus,y)us =0,  (5b)

it degenerates to (3) under ug = uj.

We are going to present results about CSSI equation (4a)-(4b) in this talk.
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Bilinearization of CSSI equation under nonzero b.c. (1)

The coupled Sasa-Satsuma equation (4a)-(4b) can be transformed into a
set of 6 bilinear equations

(Dz+2ic1)g1 - 97 = 2ia1q11 f

(Dg+2iaz) g2 - g5 = 2icaqgasf

(Dgtiog —iaz)g1 - g2 = (o1 — iag)siaf

(D2 —8c)f - f + 4cg1g} + 4cgagh =0

(D3 —Dy+3ia1 D2 — 3(a+8¢) Dy —12ica)g1 - f + 6cfic1 1191 + iongazgr +i(ar — az)s1295] = 0

(D3 —Dy+3iag D2 — 3(a2+8c)Dy—12icas)gs - f + 6¢liarqi192 + iaagangs + i(as — a1)s129}] =0
via the variable transformation

_ 91 ei(al (z—12ct)—ast)

f

The Hirota's bilinear operator

oroprg= (- 0e) (o) VsG] @

9r Oy
O O r/=z,t'=t

_ @ei(az(aﬂ—mct)—agt) (7)

f

u1 ;U2
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Bilinearization of CSSI equation under nonzero b.c. (I1)

Substitution into the first equation:
f2(D2 — D; + 3ia1 D2 — 3(a? + 8¢) D, + 12ican)g: - f
—3(Degr - (D2 = 8c)f - [ + 4cgrgi + 4cg2g3]
+  3egifl(De — 2icn)g1 - g1 + (D — 2icu)g2 - 93]
—3ia1gi fD2f - f +6¢g5 fDugr - go = 0.
By requiring
(D; —8c)f - f + 4cgrgi + 4cgags =0,
We have
f2(DE — D; + 3ia1 D2 — 3(a? + 8¢) D, — 12ican)g: - f
+3cg1f(Dz + 2ia1)g1 - g1
+  3cgi f[(Da + 2ic1)g2 - g2] + 693 fDagr - g2 = 0,
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Bilinearization of CSSI equation under nonzero b.c. (I1)

Substitution into the first equation:
f2(D2 — D; + 3ia1 D2 — 3(a? + 8¢) D, + 12ican)g: - f
—3(Degr - (D2 = 8c)f - [ + 4cgrgi + 4cg2g3]
+  3egifl(De — 2icn)g1 - g1 + (D — 2icu)g2 - 93]
—3ia1gi fD2f - f +6¢g5 fDugr - go = 0.
By requiring
(D; —8c)f - f + 4cgrgi + 4cgags =0,
We have
f2(DE — D; + 3ia1 D2 — 3(a? + 8¢) D, — 12ican)g: - f
+3cg1f(Dz + 2ia1)g1 - g1
+  3cgi f[(Da + 2ic1)g2 - g2] + 693 fDagr - g2 = 0,

f2(D2 — D; 4 3ia1 D2 — 3(af + 8¢) D, — 12ican gy - f
+3cg1 f(Dz + 2ia1)g1 - g1

+  3cg1 f[(Dx + 2ia2)g2 - g3] + 6¢gs f[(Da + i1 — ia2)g1 - g2] = 0,

C. Shi (UTRGV) Bilinear structure and KP reductions to CSS equation 6 /21



Bilinearization of CSSI equation under nonzero b.c. (lll)

Introducing q11, g2 and s12 as auxiliary functions, we have

(Dy + ioq —ia2)g1 - g2 = (g — iag2)siaf,
(D, + 2iay) g1 - g = 2i1q11 f,
(Dy + 2ia2) g2 - g3 = 2iaogoa f
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Bilinearization of CSSI equation under nonzero b.c. (lll)

Introducing q11, g2 and s12 as auxiliary functions, we have
(D +iag —iag)g1 - g2 = (ia1 —iag)s12f,
(D + 2ic1)g1 - 97 = 2ioq11 f,
(Dg + 2ic2)g2 - g5 = 2icaqo f

(D3 — Dy + 3iay D2 — 3(a? + 8¢) D, — 12icay)gr - f
+6cliaiqrigr + iaagaegr +i(an — a2)si1295] = 0,

(D2 —8c)f - f +4cgigi + 4egags = 0
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Bilinearization of CSSI equation under nonzero b.c. (lll)

Introducing q11, g2 and s12 as auxiliary functions, we have

(Dy + ioq —ia2)g1 - g2 = (g — iag2)siaf,
(D, + 2iay) g1 - g = 2i1q11 f,
(Dy + 2ia2) g2 - g3 = 2iaogoa f

(D3 — Dy + 3iay D2 — 3(a? + 8¢) D, — 12icay)gr - f
+6cliaiqrigr + iaagaegr +i(an — a2)si1295] = 0,

(D2 —8c)f - f +4cgigi + 4egags = 0

From the second equation

(D3 —Dy+3iasD? — 3(a3+8¢)D,—12ican)gs - f
+ 6clia1qiige + ioqaags +i(az — a1)s1297] = 0
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Bilinear equations from KP-Toda hierarchy

Define the 74, 1, k0,1, function by

_ ki,l1,k2,l2
Thy,l1,ko,ly = det (mz‘j L<ii<N
VS

where the matrix element is defined as
K k1 Iy
1 im — Q im — b
k1,l1,k2,l2 Pim 1 DPim 1
’ m;:l Pim +Pjn \ Pjn + a1 Djn + b1
ko l2 _
% (_pim - a2> <_pim - b2) efimtEin
Djn + a2 Djn + b2 ’
1

1
Eim = DimT + Dimy + Dot + o+ s1
Dim — Q1 Pim — b1

1
+ ro + So + gim,(h
Dim — G2 Dim — b2

Ein = Pyn — Pon) + Pont + ——— 11+ ———s
jn Pjin Pin¥Y T Pjn Pin + a1 1 ﬁjn+b1 1
1

+ = T2+ =
Pjn + a2 2 Din + b2

S2 + éjn,()
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Above T functions satisfy the following bilinear equations from the KP-Toda Hierarchy

(Drl Dg — 2) Thy U1 kol " Thi,lq koo = —2Tky 41,11 ,kg,lg Thy —1,11,kg,lo 9
(Dsl Dy — 2) Thyl1,kools " Thi,lq,koyly = —2Tky 11 +1,kg,lg Thy,l1 —1,ko,lo (10)
(DTQDz - 2) Thy 1 kol " Thi,lq,ko,ly = —2Tky,lq ko+1,lp Thy,l1 ko —1,lo (11)
(Dssz - 2) Thy,lq.kolg * Thy,l1.kala = —2Tkq,lq,ko,lo+1Tky L1, ko,lo—1 (12)
(Da + a1 — b1) Ty +1,11 ko lg " Thy,ly+1,ko,lo = (81 = D1)Thy 41,10 +1,ko,lo Ty, 11 ko iy (13)
(Do + a2 — b2) Ty 1y ko+1,lg " Thy.ly, ko, lo+1 = (@2 = D2)Tky 1 ko+1,l0+1Tky Iy ko ly (14)
(Dz + a1 — a2) Ty 41,01 ko Ly Thy,ly,ko+1,lp = (81 — G2)Tky 41,14 ,ko+1,l5Tky,l1 ko 1y (15)
(Di — Dy + 2a1Dz) Thy+1,01,ko,ly * Thy,l1,ka,lg =0 (16)
(D3 + 3Dy Dy — 4Dy + 3a1 (D + Dy) + GalDT) Thy+ 1,0y sk rln * Thslg,ka,ly =0 17)
(D7 ( — Dy + 2a1Dw) - 4Dw) Th+1,01,ko,ly " Thy,l1.ko,lyg =0 (18)
(D; ( — Dy + 2a1Dm) —4(Dg +a1 — bl)) Thy+1,01,ko,lo " Thi,l1,ko,lo

+4(a1 = b1)Thy 41,01 41,ko,ly * Thy,l1—1,ko,lg =0 (19)
(Dr2 (Di — Dy + 2a1Dz) —4(Dg + a1 — az)) Th1+1,01,k2,la " Tkl k2.l

+4(a1 — a2)Tky 41,17 ko+1,lg " Thy,ly,ko—1,l5 =0 (20)
(Ds2 (Di — Dy + 2a1Dw) —4(Dg +a1 — bz)) Thi41,l1,ko,lo * Thy,l1,ka,lo

+4(a1 = b2)Thky 41,11 ko lo+1 * Thy,lq,ko,lo—1 =0 (21)
(b2 — @1)Thy 41,17 ko, lo+1Tky 11 ko+1,0o T (@2 = b2) Tk 1y ko+1,10+1Tky+1,17 ko, lo

+(ar — a2) Ty +1,01 ,ko+1,15 Thy 1y ko,lo+1 =0 (22)
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AKP — CKP reduction

We start with the reduction from AKP to CKP. To realize this, we let
N = 2M and impose the parameter constraints

ﬁjn:pjna bn = —0an, fjn,() :gjn,()) J = 1727"‘7N7 n= 1727
then we can prove that

Thy by kodo (T Yy 8,71, 81,72, 82) = Toiy —ky —lg,—ks (T, =Y, t, 51,71, 52, 72).
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The complex conjugate reduction

Let a1 = i1 and ag = iag be purely imaginary. Further, by imposing the

parameter relations
* *
PaM+1—-5 =P, Sam+1-j0 =&

we obtain

* S * S
T0,k1,0,ke — Tk1,0,k2,05 Thy k1 ko ke — Tki,k1,k2,kas
* S * J—
T0k1 ko ko — Tk1,0,k2,k20  Thy ki 0ks = Tki,k1,k2,0;
* —
T0,k1,k2,0, — Tk1,0,0,k2-

This indicates that 7j, %, &, &, is real. Define

*
f = Too00, 91 = Ti000, 92 = Tooto, N1 = To100 = 91

*
ha = 10001 = 92, Q11 = T1100, Q22 = 70011, S12 = T1010,
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KP-Toda Reduction (1)

(Da 4 a1 = b1) Ty 1,01 ko lo * Tha i +1,ka,ls = (@1 = 01)Thy 41,01 +1,k2 00 Thy 11 ko Lo
(Dﬂc + a2z — b2) Thky,l1,ko+1,12 * Thky,ly,k2,la+1 = (aQ - b2)Tk1,l1,k2+1,l2+17'k1,l1,k2,12

(D + a1 — a2) Thy+1,01 ko la * Tholykat+ 1l = (G1 = Q2)Thy 41,01 ko 1,015 Thy 11 ka,la
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KP-Toda Reduction (1)

(Da 4 a1 = b1) Ty 1,01 ko lo * Tha i +1,ka,ls = (@1 = 01)Thy 41,01 +1,k2 00 Thy 11 ko Lo
(Dﬂc + a2 — b2) Tky,l1,k2+1,lo " Tky,l1,ka,lo+1 = (aQ - b2)Tk1,l1,k2+1,l2+17'k1,l1,k2,12
(Dw +a1 — a2) Tk1+1,01,k2,l2 " Tky,l1,ka+1,lp = (al - a2)7-k1+1,l1,k2+1,127-k1vll,klez
b1 = —a1,be = —a2, ki=li=ka=102=0
== (Dz =+ 2a1) T1000 * T0100 = 217110070000
(D4 + 2a2) To010 * Tooo1 = 227001170000

(Dz + a1 — a2) T1000 - Too1o = (a1 — a2)T101070000

= iOél, az = iOéQ

)
S
\

- (Dz+21a1)g1 . g; = 21a1q11f
(Dx-‘rQiOzz)gQ . g; = 210{2Q22f
(D +ion —ic2)g1 - g2 = (ia1 —ioe)siaf
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KP-Toda Red

ion (I1)

(D'r'l Dy — 2) Thy,l1 ko, * Th,l1,ko,la = —2Tki41,11,ko,lo Thy —1,11,ko,lo
(D51 Dy — 2) Thy,ly,ko,lo * Thy,l1,ko,lo = —2Tky,lq+1,ko,lo Thy,l1 —1,kg,lo
(D'r'2 Dy — 2) Thy,l1,k2,la " Thi,l1,ka,la = T2Tky,lq,ko+1,10 Tk ,l1,ka—1,12
(Ds2 Dy — 2) Thy,l1,ko,lo * Thy,l1,ko,lo = —2Tky,lq,ko,lo+1Tky,l1,ko,lo—1

Under dimension reduction condition

1
(arl T 051 + 9y +652) Tkisliska,la = Eazﬁ“bllvk%b‘

2
(Dg = 86)Tky 1q ko lo " Thy,ly . ko,lyg = —2C (Tk1+1,11,k2,127'k171,11,@,12

FThy 1 +1,ko,lgTky,l1 —1,ko,lg T Thy,ly,ko+1,19Tky,l1,kg—1,19g T Tkl,ll,k2,12+17'k1,l1,k2,l2—1)
k1 =11 =ka=13=0

2
(D% — 8¢)70000 - T0000 = —2¢ (T10007—1000

+7010070,-1,00 + T0010700,—1,0 + 700017000, 1)

2
(D3 — 8c)f - f +4cg1g] + 4cgags =0
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KP-Toda Reduction (IlI)

How about

(D2 — Dy + 3ia1 D2 — 3(a2 + 8¢) Dy — 12icar)gr - f
+6clic1q1191 + ia2g2291 + (a1 — a2)s1295] =0,

(23)
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KP-Toda Reduction (IlI)

How about

(D2 — Dy + 3ia1 D2 — 3(a2 + 8¢) Dy — 12icar)gr - f 23)
+6clic1q1191 + ia2g2291 + (a1 — a2)s1295] =0,

2
(Dx =Dy + QalDT) Th1+1.01. kgl " Thyly kol = 0 (24)
3 2 2 _
(D3 +3DsDy — 4Dt + 3ay (D3 + Dy ) +6a3 D ) Thy 41,13 kg ly * Thy oty kordy =0 (25)
(Drl (D — Dy + 201D1) - 4Dar) Th+1,01.ko.ly " Thy,lq.ko,ly =0 (26)
( ( 7Dy+2a1Dw) —4(Dg + a1 7b1)) Thi41,01,ko,lo ~ Thy,l1,ko,lo
+4(a1 = b1)Thky 41,01 41,ko,lg * Thy,ly—1,ko,lg =0 (27)
2
(Drz (Dz — Dy + 2alDa:) —4(Dgz +a1 — a2)) Thy41,17.ko,lo " Thy.l1,ka.lo
+4(a1 — a2)Thy 41,11 ,ko+1,lg * Thy,ly ko—1,05 =0 (28)
2
(D-*z (Dm — Dy + 2‘11Dw) —4(Dz + a1 — b2)) Thi+1,11,ka,l2 * Tky,ly kol
+4(ar = b2)Thy 41,0 kg, lo+1 " Thy,ly ko, lg—1 =0 (29)
Under dimension reduction condition (arl + 651 + 8T2 + 852) Thy,l1,ko,ly = %8$Tk1_’117k27124 and
3a1 X (24) + (25) + 3¢ x [(26) + (27) + (28) + (29)]
we have
(Di — Di +3ia1 D2 =3 (a? + 4«) Dy — 121(116) g1 f
+cl6a1qi191 + 3(a1 — az)s1295 + 3(a1 + a2)T100192] = 0 (30)
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KP-Toda Reduction (IV)

(30)-(23) gives

(a1 + a2)T100192 = 2a2g2291 + (a1 — a2)s1295 (31)
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KP-Toda Reduction (IV)

(30)-(23) gives
(a1 + a2)Ti00192 = 2a2g2291 + (a1 — a2)s1295 (31)
Discrete KP (Hirota-Miwa) equation for triples ki(a1), ka(az), l2(b2)

(b2 = Q1) Thy 11,01 ko o+ 1Tkl kot 1l T (@2 = 02)Thy 1y ko +1,1+1 Tk 41,01 ko o
+(a1 - aZ)Tk1+1,l1,k2+1,l27'k1,ll,k2,l2+1 =0

If by = —a9, k1 =11 = kg = l9 = 0, we have

(—ag — a1) 7100170010 + 2a270011T1000 + (@1 — @2) 7101070001 = O

which is exactly (31).
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N-breather solution

To derive regular breather solution, we take ¢;; = 0, K = 2

_ k1,l1,k2,l2
Thi ke lo = det (mij >1<ij< N

where the matrix element is defined as

2 1 - ka1 b\
ki,lko,la Pim — a1 Pim 1
Mij =2 | T by
Dim + Djn Pjn + a1 Pjn + b1

m,n=1

k !
<_pim - a2> : (_pim - b2) 2 e&im+5jn
Djn + a2 Djn + b2

By imposing the condition H (p;1,pi2) = 0, where

pipi2 + a3 pipiz + a3 1
ph —a?) (ph—ai) (P —a3) (P —a3)  2¢

H(pi1,pi2) = (

we then have

1
(87"1 =+ 881 + 8T2 + 682) Oky,l1,ka la = Eaﬂ:gkhll,kmlz'
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General breather solution including resonant breather

solution

The coupled Sasa-Satsuma (SS) equation admits the general breather solutions

£6i<al(m—12ct)—a%t>7 )= giei(a2(1—12ct)—(xg’t) 32)

u
f f

up =
where a1, aug are real,
fz,t) = To0(z — 12¢ct,t), g1(x,t) = T10(x — 12ct,t), ga(z,t) = To1(x — 12ct, t)

and Thy, ko is defined as

2<K<5 1 e, — @11 k1 By = @3 ko

mion=1 Pim + Pjn Pjn + a1 Pjn + a2

(33)

2M x2M

Here, a1 = iy, ag = iag are purely imaginary, £, = Pim® + p?mt + &im,0, IN is a positive integer. In addition, the

parameters €m0 € R, pim, (4,5 = 1,-++ , Nym,n = 1, 2) satisfy the constraints
H(pim,pixk) =0, m=1,--- , K—1, i=12,..., M, (34)
2 2
pq +aj pq + a3 1
H(p,q) = = (35)

(02 —af) (@ —ad) * (= of) (¢ —aF) " 2
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Resonant breather solution

-15 22

(a) (b)

Figure: Resonant breather solution with parameters
c=-1,a=2,pl =12+ 1.6i.
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Rogue wave solution

C. Shi (UTRGV)

X
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Second-order RW solution
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Thank you!
Questions?
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