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Motivation

Hydrodynamic formulation for the Schrodinger equation

10t 7) = (_—1A VI, a:)) Wt 7)

2m
can be rewritten as a system of conservation laws in terms of hydrodynamics

variables: if

1 .
(t.2) =\ 2ot z) explisie. ),
then o and u := m 'V S(t, z) satisfy the compressible Euler type equations
0,0 + div(ou) =0

1
8tu—|—u-Vu+EV(V+Q):O

The quantum effects are all captured in Bohm’s potential

2m /o
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Motivation

Hydrodynamic formulation for the Dirac equation

» There has been substantial work trying to establish a hydrodynamics formulation
of the Dirac equation, most notably by Takabayasi.
* We propose a different hydrodynamics formulation
— using of the space algebra instead of the more commonly used C*-valued
spinor functions
— and considering a nonlinear variant of the Dirac equation.
* The model was proposed by Daviau and
1. adds the minimal amount of nonlinearity needed to achieve an additional U (1)
symmetry while keeping the first-order homogeneity,
2. admits a natural splitting of the spinor into left and right-handed components,
which is crucial for our approach, and
3. can correctly predict the energy levels in a hydrogen atom (C. Daviau et al.
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Space algebra

 The space algebra Cl, is the Clifford algebra of the three-dimensional Euclidean
space R?. It adds to the usual vector calculus an associative product with the
following fundamental property

u? = uu = u-uforany u € R,

i.e. the square of a vector gives the Euclidean inner product of the vector with
itself.

 Expanding vectors u € R? in terms of an orthonormal basis ¢,, k = 1... 3, this
requirements translates into the structure equation

€k,€l + elek — 25]{7l7

for k = 1...3. The most straightforward and non-intrusive way to represent such a
product is to use matrix multiplication and the Pauli matrices

01 0 —i 1 0
“=10) 27\ o) ST \o-1/)
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Space algebra

- Elements in R? are associated with it a corresponding element in Cls,

1

v 3 ol — ix?
r=|2*| eR<=T=afe, = ;7 ., 3 e Cl,.

.3 T +1x —X

 With the additional basis vector 1 we can embed spacetime into Cl.,
¥ 5 o'+ 2% al —iax?
le —
(Q?)ERXR T GM (Qfl—l—’ixz ZCO—ZUg EC|3
* Vectors in spacetime are therefore represented in Cl; by linear combinations of
basis vectors ¢, with real coefficients i.e. Hermitian matrices e.g.

the proper velocity u = v1 + i = v(1 + ¥), the charge current j = j* + 7,
the electromagnetic potential A = A, + A, the energy-momentump = E + p, ...
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Space algebra

* A basis of Cl, is given by
{eo =1, e, erj,€1€2€3} with 1 <k < j < 3,

therefore Cl, is 8-dimensional vector space over R. This is the same dimension as
for Dirac spinors, which classically are represented as C*-valued vector fields.

* It is not hard to check that e, e,e; squares to —1 and commutes with all other basis
vectors. ldentifying e,e,e; with the imaginary unit 7, it is convenient to turn Cl, into
a vector space over the complex numbers C i.e. to consider

M=a+u+it+ib witha,b e Randu,v € R3.

Thus M is a sum of a spacetime vector a + @ and i times another spacetime
vector b + v.
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Space algebra

Inner product in Cl,

* Since elements in Cl; are matrices, we can use the Frobenius inner product
1
(M,N) := 5tr(MNT) for M, N € Cl;,

and denote by | M| := (M, M)'/? the induced norm.
* The basis vectors ¢, are orthonormal with respect to this inner product.

« For all vectors 2 = 2° + Z,y = y° + 3 € Cl; we have that
(r,y) = 2"’ +x-yand [z]* = (2°) + |=]*.

In this sense, the embedding of spacetime R x R? into Cl, is an isometry.
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Space algebra

Three conjugations

— (A B) = M= (A ¢ ) Hermitian conjugation

A B _ _ D _B |
(C’ D) M :=adj(M) = (—C A ) spatial reversal

(A B) = M:== M= ( b —=C ) grade automorphism

|

M
M
M

C D —B* A*
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Space algebra

The gradient operator

* The space algebra analogue of the gradient operator is

80 - 83 _61 + 262
—9,—i0y Oy+0y )

 When V is applied to a scalar-valued function f, then we have that
Vf=1(0f) e+ (0,f)e' + (0of ) € + (05f) €,

but, in general, when applied to a Cl;-valued function ¢, then the e interact with
the function ¢ by matrix multiplication.

» We can split the operator V into a time (scalar) and a spatial (vector) part, writing
V=09,+V with V=¢"9,

Vi=eld, = (
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Improved Dirac equation

We start with the classical Dirac equation
YD, +imyp =0

where the covariant derivative D, := 9, +iqA, couples ¢ to an external
electromagnetic field, with A, a given electromagnetic potential.
We work in the chiral representation of the gamma matrices, thus

0 e 0 e

= (5) o)

and let
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Improved Dirac equation

Block structure
* Then the block structure of the Dirac equation implies that
e'(0, +1iqA,)n +im& =0 67‘((9“ +1igA,)§ +imn =0

* We can combine these two equations into a single one by interpreting these two
equations as the left/right column vectors of a (2 x 2)-matrix. More precisely, let

_ (0 —m _ (& 0
L'_(O 77?) and R._(€2 0)

be the left/right parts of the spinor wave so that
(V+igA)L+imR=0  (V—igA)R—imL =0
* We can therefore combine them by adding them:
ng + iqugeg + im@e; = 0

for the Cl;-valued spinor field ¢ := L + R.
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Improved Dirac equation

- If we multiply by the spatial reversal ¢, it reads
OV +ig(pAd)es + im(dd)es = 0.
 But this equation is not invariant under transformations of the form
d(x) = M W(y) with y=MaMT,

for some invertible complex (2 x 2)-matrix M (not necessarily with det M = 1)
* E.g. if M = exp(i5/2)1 with 5 # 0 then det(M) = exp(i) and

d(z)p(x) = Y(y) (MM )p(y) = det(M)y(y)y(y).

This is strange because for this choice of M, spacetime does not change at all:
y=MxM' =z

only v is multiplied by some global exponential factor.
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Improved Dirac equation

* Following Daviau, we consider the nonlinear Dirac equation
OV +iq(pAd)es +imPes =0  with P := | det(¢)|.

- The nonlinearity has the same homogeneity as the original term ¢¢.
« We now define the Dirac current J := ¢¢' and obtain

P1=¢Ve¢ withvelocity V := P 1J.

P? = |det(¢)|* = —tr ((69)(9)T) = —tr ((66") (901)) = det()
* The nonlinear Dirac equatlon takes the form
OV + ip(qA + mV)QEeS = 0.
Assuming that ¢ is invertible, we obtain the remarkably simple equation

Vo +i(gA+mV)oy =0
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Global existence

Vo +i(gA+mV)po, =0  in[0,T] x R®
Pli—o = Py in R°
* Regularisation becomes necessary because the nonlinearity, which is
homogeneous of degree one, is non-smooth in nodal points where P vanishes.
« Our approach replaces the imV ¢oy = imP~!J¢po; with
im(P + \|¢]*) ™ Jgoy =2 g,(¢)
where []|? := ¥ and XA > 0. Then
— maps L?(R3)* into itself and
l9x(D) | z2Reys S M Pl 2rsp forall ¢ € L*(R%)?
— is Lipschitz continuous on L*(R?%)%,
19:(8) = 9A ()] 2Rae < MAT" + 1) — ¢
— maps H!(R3)* into itself and
l9r( D) reys S MM+ D@l greye forall ¢ € HY(R?)

prep forall ¢,¢ € L2(R%)*
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Global existence

Time-stepping

—

0o T, T, T, T, T, T

(Vi —gy(¢y) =0 in[0,T}] x R?

¢|t:0 = @y in R’
¥ € C([0, T3], H'(R*)Y) n € ([0, T, L*(R%)")

/\

16 of 22 A hydrodynamic formulation for a nonlinear Dirac equation | Joan Morrill \ Energy, M'HMCHEN
(morrill@eddy.rwth-aachen.de), joint work with Michael Westdickenberg | r Entropy, and
0210/2024 | Texas Analysis and Mathematical Physics Symposium ‘ i tliio By UNIVERSITY



Global existence

Time-stepping

—

2

0 77 1y 13 T, 1, T

(Vi — gy (¥0(T)) =0 in [T}, Ty] x R®

zMt:Tl =¢(T}) inR’
b € CTL T, H'RY) 1 CV(T, Ty, L2 (RE)

/\
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Global existence

Time-stepping

—,

i 3

0 77 1y 13 T, 1, T

(Vzﬁ— 9\(Vo(Th)) =0 in [T, T5] X R3

¢|t:T2 = ,(T,) in R3
v € O, T 1 (RY)) N O3, 7). AR

/\
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Global existence

Time-stepping

T,

0 77 1y 13 T, 1, T

4

(Vi — g,y(15(Ty)) =0 in [T}, T,] x R®

zMt:T?) = ¢5(Ty) inR?
4 € C(T, T H'(RYY 0 O (T, T, AR

/\
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Global existence

Time-stepping

—_,

5

0 77 1y 13 T, 1, T

(Vi — gy (4(T))) =0 in [T, Ty] x R®

¢|t:T2 =, (T,) in R3
v € O, T 1 (RY)) N CH(T,, ), AR

/\
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Global existence

Time-stepping

T~

0 77 1y 13 T, 1, T

(Vi — g, ((T3)) =0 in [T}, T] x R?

7vb|1t:T5 = s(T5) in R
4 € C(T, 11, H'RYY 1 CH([T3, T), LA(RY))

/\\
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Global existence

Compactness and consistency of the approximate solutions

* Moreover, for every 1 < k < n, we have the estimates

|1 g reye < 1 (Tl reys (14 C (6 =T 4))
with C,, \ occm(A~' + 1), forall t € [T),_,,T}].
* So if we define {¢,,(t)}°>°, piece-wise as
Gn(t) == (t)  ift € [T}, T,
for every 1 < k < n then,
{¢,(t)}°, is bounded uniformly in L>([0, T], H'(R3)*)
and {9,¢,,(t)}°°,is bounded uniformly in L>([0, T, L*(R®)%).

* A compactness result (Aubin-Lions lemma) shows that the limit ¢(¢) is a weak
solution in the sense that ¢(t) € L>([0,T], L*(R*)?*) and

/ (VE(t) ))dzdt — z/ ), @) dT = / / ))dzdt
R? RS

for every test function ¢ € C°([0,T) x R?).
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Hydrodynamics formulation

Lemma (1)
Suppose the C?-valued spinor field n satisfies
Vn+i(gA+mV)n=0 in[0,00) x R?,

with electromagnetic potential A and a given Hermitian vector field V, to
which we will refer as pilot wave. We define the energy-momentum tensor by

T, :=Re(i(n'e"(D,n))) forpu,v=0..3.

Then

0,1, +qF,,j,=m(d,V,)j, forv=0..3,

with the charge current j and electromagnetic tensor field F' defined by
Ji=guet = 2nnt  and F := F,e'e’, F,:=0A,—0A,

v
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Hydrodynamics formulation

Lemma (2)

Letnand j,,T,, be asinthe lemma on the previous slide. Then 9,5, = 0 and
OJr + Ondo + 2€, Ty, = 2me, Vy g,

fork=1...3.

Lemma (3)

Letnandj, T, be asinthe lemma on the previous slide and define

0 :=Jy, Up'= ‘7— and p, =1, for k=1..3.
Jo
Then |v| = 1 and the energy-momentum tensor can be rewritten as
1 .
En = vlpn — §€lkovk (8n]0> fOI’l, n=1.. 3
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Hydrodynamics formulation

Theorem
Consider a spinor ¢ satisfying the nonlinear Dirac equation. Let

N Uit c . —55 : N U _55
”"(nz)’ 5'_(51‘) with ¢“(n2 ff)'

Define (o.,v,p,j.) for- = L, R as before for 7, 5 respectively. Then

(0,0 + div(ov) =0
0,(ov) +div(pv ® v) + 20(v X (V xv)) — (v X (v X Vo)) =20 X (—p £ moV)
L Op,, +div (p,v) — 5div (ov x (9,v)) = £(—¢F,, + m(d,V,))i,

forn =1...3, with sign

A\

+ for(o,v,p, ) = (01,v1,Pp:d1)
— for (0,v,p,5) = (0ps Vs Pp» Jr) -
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Hydrodynamics formulation

* The picture suggested is that for a solution ¢ to the nonlinear Dirac equation,
J = ¢¢' defines the flowlines that guide the motion of the left and right
spinors (i.e. their flowlines curl helically around the flowlines of the Dirac current).
We call the Dirac current the pilot wave, using De Broglie’s terminology.

* The left and right spinor flowlines move with light speed as ||v| = 1, whereas the
velocity of the Dirac current is subluminal.

Flowlines of the Dirac current J
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Hydrodynamics formulation

* The picture suggested is that for a solution ¢ to the nonlinear Dirac equation,
J = ¢¢' defines the flowlines that guide the motion of the left and right
spinors (i.e. their flowlines curl helically around the flowlines of the Dirac current).
We call the Dirac current the pilot wave, using De Broglie’s terminology.

* The left and right spinor flowlines move with light speed as ||v| = 1, whereas the
velocity of the Dirac current is subluminal.

Flowlines of the charge current j
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Thank you for your attention
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Multiplicative inverses

* One big advantage of using a Clifford algebra comes from the fact that elements in
Cl; may have multiplicative inverses.

* Elements in CI; with non-vanishing determinant are thus invertible with
M= = (MM)™'M

which functions both as a left and right inverse because MM = M M. Notice that
det(M) is typically different from the norm | M.
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Fierz identity

We can use the scalar product [M, N] := itr(MN) to compute the
coefficients of elements in Cl; with respect to the basis vectors.

Lemma
For any M e Cl,; we have

M = [Me“]e—[Me]

In particular, for any ¢, 7 € C? we have the basic Fierz identity

1 1
ngt = [l e ] e = Str((n€he)e = 5 (Elern)e”

Proof.
We apply |-, e”] to M = w'e,, with w* € C and then use that [¢,e"| =4,,. [
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* Hermitian conjugation can be used to characterise spacetime vectors.
» Spatial reversal can be used to isolate scalar and vector parts of M, defined as

1 1

<M>scalar = §<M + M) and <M>vector "= i(M — M)
» Grade automorphism can be used to isolate even and odd parts of M, defined as
1 ~ 1 ~
<M>even "= §(M + M) and <M>odd = §(M —M).

The determinant of a spacetime vector = = z*¢, with 2 € R is

2 2 2 2 2
— 0 1 2 3\° 0 2
det(z) = (27) — (2) — (%) — (z7) = (27) — ||
which is just the Minkowski metric.
40f9 A hydrod ic f lation f li Di i J Morrill E :
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Compactness

* For 0 < s < 1, the family of functions & := {¢,(¢) : n > 1} is pre-compact in
C([0,T], H: (R*)*). Thus, the sequence of approximate solutions {¢, (¢)}*

loc n=1
admits a subsequence, not relabelled here, such that

$n(t) = (t) strongly in - C([0, T, Ho(R%)).
- |[dea of the proof: given a compact set K C R?, F consists of elements in
W= {¢(t) € L=([0,T], H'(R®)") : 9s(t) € L>([0, T, L*(R*)"))}
Hence, restrictions to K of elements of 7 belong to
W(K) == {¥(t) € L=([0,T], H(K)*) : 0(t) € L=([0,T], L*(K)*))}.

By the Rellich-Kondrachov’s theorem, H!(K)* — H*(K)* forany 0 < s < 1. Thus

we can apply the Aubin-Lions lemma to see that W (K) is pre-compact in
C([0,T], H*(K)*).
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Consistency of the approximate solutions

/OT /R3<V§<t>a¢(t)>d:vdt—i/R3<§(0),qb0>d:U — /OT L3<f(t),gA(¢(t))dxdt

Note the second integral term on the left-hand side works as a weak
formulation of the fact ¢(0) = 1.

« Starting with the LHS, we consider:

/ /R VE(t), $n(t))dwdt — i /R {£(0), ¢o)da

* By integrating by parts,

T
/ (Ve(t). 0, 0)dudt —i [ (€0).ade = [ [ (€90,)dzat
R3 R3 0 R3
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T
I

:RT:N

/0 T /R (& Vo, )didt =

3

S

(&, 9)(Vp_1(T},_4)))dZdt

3

k=1 /Tkl
n k
(by the definition of the ¢,)) = Z / <€, g)\(¢k—1 (Tk_1>>>dfdt
k=1 YT, /R®
T n
(by the mean value theorem) — E / Tk 1) g>\<§b (Tk 1))>d -+ O(T/n)
R3

using that for each component of ¢

t
&i(t) = &(Thy +/T E(s i=1..4.

k—1
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* [t remains to pass to the limit:

e / (6T 1), 26Ty 1)) diE = 7
k=1 YR3

nom =
which we do by adding and subtracting

%Z/ E(T—1)s 91 (&(T}—y)))dZ
=1 JR?

* On one hand

n

im - [ (€T30, 00(6, (o) = ax(@(T, 1))z =0

k=1

by the strong convergence in C([0,T], L2 (R?)%), and on the other,

loc

lim = Z/ (Ty_1), g (p(T,_,)) daz—// t)))dzdt
R3 R3

by Lebesgue’s theory of integration.
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Time-stepping

« If g is of class C([Ty, T, L*(R*)*) N LY([T,, T], H'(R3)*), then for any initial
condition v, € H'(R?)* the initial value problem
Vi —g(t)=0 in[T,,T] x R®
Vlier, =y INR
Y € C([T,, T], H'(R*)Y) N CY([Ty, T, L*(R)*)

has a unique solution.
* That is, for any n > 0 the initial value problems

Vip— gy (T 1)) =0 in [T, T;] x R®
Ver, = Oy (Tj—y) 10 R’
¥ € O[Ty, Ti), H'(R)Y) N CH([Tyy, T), L*(RY))

have a unique solution v, (¢) and v, (T}) € H*(R*)*forall 1 < k < n.
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