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Motivation: asymptotic stability of 1D cubic NLS solitary waves
1D focusing cubic Schrédinger equation:
i) + 05y + [Y*Y =0, ¥ :RxR—=C
Solitary wave solution:
e"Q(x), Q(x)= v2sech(x)
Perturbation (no modulation):
U(t,x) = €"(Q(x) + u(t, x))

Evolution equation for perturbation:

o - [§ - [85:2) 1£).
where

H=Ho+ V= { ox+1 0 ] { 4 sech(x) 2 sech (x)}

0 21 2 sech?(x) 4 sech®(x)

Goals:

> Study the spectrum of H and the linear flow e*

> Analyze long-time behavior of small solutions of (1)

(1)
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Application to the perturbation equation for 1D cubic NLS



Wave-type equations on the line

Let a(&) be real. Consider

{iatu —a(20)u = N(u,@), (t,x) eRxR 2

u(0) = wo

Examples:
> a(&) = &2 Schrédinger
> a(f) = —£3 Airy (linear KdV)
> A=) =(1+& )1/2 ‘half’ Klein-Gordon
> a(€£) = ¢ “half’ wave (transport)

Linear solutions of (2):

u(t, x) = \/%/Rei(xs—ta(@)ﬁo(g)dg



Wave-type equations on the line

Let a(&) be real. Consider

i0eu—a(30)u= N(u,), (t,x)€ERxR @
u(0) = uo
Examples:
> a(&) = &2 Schrédinger
> a(&) = —£3 Airy (linear KdV)
> a(&) = (&) = (14 £2)Y2 “half’ Klein-Gordon
> a(§) =& “half’ wave (transport)
Linear solutlons of (2):
1 i(xe—ta(€)) 1 / t(£e-a(e) 5
t,x)=—— [ e dé=—— [ e"'t d.
uex)=—= [ (et = —= [ () e
resembles “oscillatory integral of the first kind”
7() = [ ¥ Og()ae ©)

~» Decay of Z(t) depends on critical points of the phase ¢(§) and the
support/regularity of g(&)



Toolbox from Hamonic analysis

Lemma (Van der Corput)
Suppose |d>(k)| >1and g,0:g € L*(R). Then,

; _1
’/et¢(£)g(f)df‘ < Gt % |0cg 1wy )
R

holds when
> k>2 or

> k=1 and ¢’ monotonic.

Corollary
» Schrédinger
itd? -1 2
"% Flloomy S [t 2 ||8§f||L§(R) (5)
> Airy (linear KdV)
53 1 N
1€ Fllege ey S 1673 110 F |1y (6)

Improvement: use fundamental solution formulas and Young's convolution
inequality to replace Haéf-HLé(]R) by [[1l12(g)-



Lemma (Method of stationary phase)
Suppose k > 2, and

$(6) = ¢'(¢) =--- =" V(&) =0, (7)
while ¢ (£.) # 0. If g is supported in neighborhood of ., then

/eitqﬁ(&)g(f)df ~tTk (ao Fat k4 aptk +) . (8)
R

Linear Schrodinger equation:

i3
e'at

VAarit

~ Error term r(x, t) can be precisely quantified by measuring LP-norms on the
moments: ||{x)%uo|| = ||(De)™ do|| or ||{Ox)Fuo|| == ||(€)* do|| for some o > 1.

1%}

u(t, x) = €% up(x) = o (%) Frixt), |r(xt) = O )



Dispersive estimates for Schodinger operators with potentials

Threshold resonance: there exists a non-trivial ¢ € L>(R) \ L*(R)

o= (— 25+ V) v = ©)

Remark: Ho = —? has a threshold resonance o(x) = 1.

Theorem (Dispersive estimates. [Weder '00], [Goldberg-Schlag '04])
With or without threshold resonance:

e Pefllie @y S £ 2 Flagey (10)

Theorem (Local decay estimates. [Goldberg '07])
Without threshold resonance:
; _3
1) ™ Pef| ooy St 21 (x) Fllagey (11)
With threshold resonance:

3

10072 Pef — (0, ) @)ooy S ¢ 2100 Fll sy (12)



Proof based on:

» distorted Fourier transform

F(&) = FF(&) = (e, ), ), e(va)—\/;;{;gg_)gfgﬁxif)%) gig

where T(€) is the transmission coefficient of the Jost solutions
Hfs(x,€) = EF(x,€),  Fe(x,€) ~ e as x — o0,

> stationary phase analysis

eitHPcf = / eiitng(g)e(x’f)dg'
R



Proof based on:

» distorted Fourier transform

F(&) = FF(&) = (e, ), ), e(va)—\/;;{;gg_)gfgﬁxif)%) gig

where T(€) is the transmission coefficient of the Jost solutions
HfL(x,€) = € (x,8),  fir(x,€) ~ ™ as x = +oo.
> stationary phase analysis
P f = / e F(E)e(x, £)de.
R
Question: Can we do a similar analysis for the 1D matrix Schrodinger operator

= [ B [V V)



Proof based on:

» distorted Fourier transform

O =FF&)=(e(.0.1). exO= 7= 1707 0 c<o

where T(€) is the transmission coefficient of the Jost solutions

1 {T(f)a(x,s), £>0,

HfL(x,€) = € (x,8),  fir(x,€) ~ ™ as x = +oo.

> stationary phase analysis
e"f”Pcf:/e*’ffzf(g)e(x,g)dg.
R

Question: Can we do a similar analysis for the 1D matrix Schrodinger operator

= [ B [V V)

Answer: Known if H has no threshold resonance and no embedded eigenvalues,
and V is even and exponentially decaying. [Buslaev-Perelman '95],
[Krieger-Schlag '06]



Previous works: selected references
2 — —A+p 0 + —Vi(x) —Wa(x)
0 A—p Va(x) Vi(x)
Spectral theory of H:
» For H arising from NLS — [Weinstein '82-85], [Buslaev-Perelman '95],
[Krieger-Schlag '06], [Chang et.al. '08]
> For general H and spectral representation of e’ under reasonable
assumptions (next slide) —

Dispersive estimates for e™Mp,:

» 1D — (no threshold resonance) [Buslaev-Perelman '95], [Krieger-Schlag
'06], [Collot-Germain '23]

» 2D — (no resonance/eigenvalue) [Green-Erdogan '13], (s-wave resonance)
» 3D — (no threshold resonance) [Schlag '04], (all scenarios)

» 5D — (no threshold eigenvalue) [Green '12]
Closely related:

» classification of threshold resonance for 1D scalar Schrodinger operator
, [Boussaid-Comech '22]

» dispersive estimates for 1D massive Dirac operator



Spectrum of H (non-self-adjoint operator)

_2 — J—
Hetotrv=| &Ftr 0 }Jr{vl(x) Va(x)

0 % —p Va(x)  VA(x)
Spectral assumptions on H:

(A1) —o3V is positive matrix, where o3 is the Pauli matrix.

(A2) L_ := =824 p— Vi + Vs is non-negative,

(A3) there exists B > 0 such that |Vi(x)| + |Va(x)| < (x) 77 for all x € R,
(A4) there are no embedded eigenvalues in (—oo, —p) U (1, 00).

Lemma (Erdogan-Schlag, '06)
Assume (A1) — (A4). Then,
> Oess(M) = 0ess(Ho) = (00, —p] U [, 00),
spec(H) = — spec(H) = spec(H) = spec(H*) C RU R,

>
» zero eigenvalues may have generalized eigenspaces, but finite dimensional,
>

non-zero eigenvalues: algebraic and geometric multiplicities coincide and
are finite.



Characterizing regularity at spectrum endpoint A = u

For z € Cy4, let

R(z) = (H—(n+2))"", Ro(z) = (Ho— (n+2°)". (13)
By (A1), write V = —o3vv = vivo. Symmetric resolvent identity:
R(Z) = Ro(z) — Rovl(l + VQRO(Z)Vl)_IVQRO(Z) (14)

Laurent expansion of free resolvent Ro(z):

weizlx—y]

o 0 i _ Ix=yl 0
— |2z 2 2
0 VR rulx—yl | = [0 0} o VA | FO(zIx—y[%)
2¢/z2+2p 2v2u
=:Go(xy)

Definition (Regular)
Let T, P, Q be operators on L*(R)? with integral kernels
T(x,y) =1+ va(x)Go(x, y)n(y),
P(x.y) = [Villphsy e(x)enu(y). Q@=1—P.
We say 1 is regular if QTQ is invertible on the subspace Q(L*(R) x L*(R))

~~ closely related to Birman-Schwinger principle.



Lemma (Characterizing threshold resonances of H)
Suppose p is not regular (A5), and assumptions (A1) — (A4) hold.

1. Let 0 # & € ker(QTQ). Then W := v; ' € L®(R)? is a distributional
solution to HV = ,u\l_}. Furthermore, if

Gy = / eV (Vow, + ViW,)(y)dy = 0 (A6)
R

then W1 ¢ L*(R) and dim(ker(QTQ)) = 1.

2. Conversely, if there exists 0 # Ve L™ (R)? satisfying HY = p\_lj, then
® = vV € ker(QTQ).

Remark: (A6) condition verified for the linearized operator (of 1D cubic NLS)

2y = -92+1 0 —4sech’(x) —2sech?(x) W(x) = tanh?(x)
T 0 22 -1 2sech’(x)  4sech’(x) |’ | —sech’(x)
Verification:
sy 2 2 4 ns(s® — 2)
e”(4sech”(y)tanh®(y) — 2sech™(y))dy = ——F—~> =+ =0
R sin(%)



Main result

Theorem (L.)

Suppose (A1) — (A6) hold, and let W = (Wy, W,) € L=\ L? be the
distributional solution to
HV = pV,

with the normalization
Jim (WGP + Wi (—x)P) =2

Then, for any f = (f, ) € S(R) x S(R) and |t| > 1, we have
1. the dispersive estimate

e p.f | <l H||F ,
Lo (R) X Lo (R) LL(R)x LL(R)
2. and local decay estimate
—2( itH 7 -3 27
P, — F)F | < Je 72 [[(x)%F
(EC L L [
where ) )
N elth IO et o o N
th = <O’3\U,f>\|/7 <J30’1\U,f>0'1\|/.

v —Arit 47y

Py

LI(R)x [1(R)



Short proof summary (small energies)

Spectral representation

ity
t +
I ’HPS

itz?
/ e" zZR(z)dz,
R

i
where

R(z) = Ro(z) — Ro(z)v1(M(2)) ' vaRo(2),
M(z) =1 + voRo(z)v1.

Then, for 0 < |z| < zp and z small,

M(2) "' = 281+ aPTS + @S TP + azP + O(2)

with P = we;;vi and S; = (Vz\TJ) ® (vz\l_}).
= Use oscillatory integral tools to prove dispersive estimates
i _, 1,
lle"™xo(H — pl) P ifl| oo ryx oo r) < 1t 2 10 12 myx 12r)
_ i . _3 .
1(x) 72 xo(H — ul) P — )il 1o @yxioe @y S 18172 11060281 1y i3 (m)

et

vV —4mrit

where F;f = Vo3V,



Application: 1D cubic NLS — perturbation equation (without modulation)
Recall Q(x) = v/2sech(x) and (1):

ol -[ 88038 [48] o~

u
=Q(V)
Threshold resonance:
2, — [—83 - 4sec2h2(x) +1 . -2 sech;(x) ]  W(x) = { tanhzgx) ] .
2sech®(x) 9% + 4sech®(x) — 1 — sech?(x)
Fix F € S(R)? and consider
Usree(t) := e "1 P,F. (15)

Leading order decomposition (via Theorem):

N

Localized quadratic nonlinear term:

Ufree(tv X) - C,

JHer <z 01W(X)+R(t x), 00T R(EX) e S 1t172

2it —2it

O(Uree) = € - Q1(¥) + ey (W) + €2 ©

Qs(W) + Or=(t77)



Examining source term contributed by threshold resonance...

Inhomogeneous linear equation:

0V =M1V = P. (2L Q1(W) + crc- 10a(W) + E =1 05(W))
V(1) =(0,0)
Darboux transformation [Martel '21]: there is an (explicit) operator D such that

—92+1 0
DHi1 = HoD, where Hy := 0 8)% ~ J

Equation for transformed variable W := DV

2it 1 —2it
i0W — HoW =D (ﬁ et QW) + crc- QW) + & ° - (xu))

Duhamel formulation

t 2is —2is
i i 1
W(t) = 7ie7'tH°/ oD (ci es Qu¥) + cre- S Q(¥) + & € : Q3(\IJ)) ds
1
Representation of 7% by Fourier transform

(271-)%67&7{0{-’()():/ei(xE*t(ﬁerl))fl(é-)dggl+/Rel(x£+t(§ +1)) (f)dfez
R



Null structure for quadratic nonlinearity

Fourier transform of quadratic source term: F[e™*o W(¢1)](¢) =

t eis(§2+3) . t eis(§2+l) _ t eis(ngl) -
/ S Gl,1(f)d5 -+ / Gz,l(f)ds =+ / B G311(£)d5
1 1 1

S
t g—is(e?=1) ___ t gis(E+1) ___ t o—is(€43) ___
+/ 761,2(€)d5+/ 7G272(f)d5+/ 76}72(5)0'5
1 s 1 s 1 s

where Gj x = (DQj(V))«. Time resonant (bad) frequencies at £ = £1 however
Goa(d1) = Gia(#1) = 0. (16)

Proof (Mathematica-assisted):

Gs,1(x) = Gia(x) = 250sech®(x) — 3720 sech®(x) + 9960 sech’(x) — 6720 sech’(x)

s Goa(6) = Goale) = —%@2 — 1)€2(€ + 1) sech(ZE).



Null structure for quadratic nonlinearity

Fourier transform of quadratic source term: F[e™ o W(t)](¢) =

eis(€7+3) eis(€+1) __ t gis(e?-1) ___
/ p G 1(§)d5+/ 5 Gz,l(f)d5+/ . Gs,1(§)ds
1 1

is(€2—1) t efis(§2+1)/_\ t efis(§2+3)/_\
+/ 7612(5)ds+/ 762,2(5)ds+/ e T Ga(e)ds
1 s 1 S 1 S

where Gj x = (DQj(V))«. Time resonant (bad) frequencies at £ = £1 however

Gsa(£1) = Gro(£1) = 0. (16)
Proof (Mathematica-assisted):
Gs,1(x) = Gia(x) = 250sech®(x) — 3720 sech®(x) + 9960 sech’(x) — 6720 sech’(x)

— Goa() = Gua(€) = —Y(€ — DE(E + 1) sech ().

62
Open problem: give a perturbative proof of asymptotic stability for NLS
solitary wave

0+ 03 + [P =0, 1<p<b5.



Thank you for your attention!



